KENDRIYA VIDYALAYA SANGATHAN
CHANDIGARH REGION

CAPSULE FOR LOW ACHIEVERS IN MATIlEMl“cs

CLASS : XlI
1. MATRICES & DETERMINANTS: 10 MARKS
2. CONTINUTY: 04 MARKS
3. DIFFERENTIATION : 04 MARKS
4 APPLICATION OF DERIVATIVES : 10 MARKS

(a) INCREASING & DECREASING FUNCTION

(b) TANGENT & NORMAL

(c) MAXIMA & MINIMA

5. INDEFINITE INTEGRATION : 04 MARKS
6. DEFINITE INTEGRATION : 06 MARKS
7. DIFFERENTIAL EQUATION : 04 MARKS
8. VECTOR ALGEBRA: 04 MARKS
9. THREE DIMENSIONAL GEOMETRY:: 10 MARKS
10. LINEAR PROGRAMMING PROBLEM : 06 MARKS
11. PROBABILTY(BAYES THEOREM) : 04 MARKS

TOTAL : 70 MARKS
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1. MATRICES & DETERMINANTS

* Properties of Transpose :
If A & B are matrices such that their sum & product are defined, then

i.(aTf =a Gi).(A+B) =AT +B7 (iii). (KAT): KAT where K is a scalar.
(iv).(AB)" =BTAT  (v).(ABC)" =C"BTAT
* Symmetric Matrix : A square matrix is said to be symmetric if AT = A.
* Skew symmetric Matrix : A square matrix is said to be skew symmetric if AT = — A.
*Singular matrix: A square matrix ‘A’ of order ‘n’ is said to be singular, if | A| = 0.
* Non -Singular matrix : A square matrix ‘A’ of order ‘n’ is said to be non-singular, if | A| = 0.
* Let A be a square matrix of order n x n, then | KA| = k| A|.

_ _ _ _ 1 X1 Y1
* Area of a Triangle: area of a triangle with vertices (X1, 1), (X2, Y2) and (Xs, y3) = 5 Xo Yo

X3 Y3

* |f A is a square matrix of order n, then [adj(A)| = |A" .
*Inverse of a matrix :Inverse of a square matrix A exists, if A is non-singular or square matrix A is

said to be invertible and A'lzﬁAdj.A
*AAT=ATA=
*(AHT=A

*AB)'=B'A"
* ( AT)—l - ( A—l)T

VERY SHORT ANSWER TYPE QUESTIONS (1 OR 2 Marks)
1. Construct a 22 matrix A = [a;], whose elements are given by
.2 .
(i) ay :@ (ii) aj; = %|i —3j (i) ay = e?* sin jx

2. If A=diag[1, -2, 3], B =diag [3, 4, 6], and C =diag [0, 1, 2], find 4A — 2B + 3C.

N AN A
ANEX Y2y vy 3T 2|7 |15 14

1 1 0 2|2
4.Compute the following products : (i) |2{2 3 4 5] (i)t 2 3]2 0 1|4
3 0 1 2|6
2 3] )
5IfA= 12 , find f(A), where f(X) = X —4x + 7.
6afA=|> 2= 5 2| then find k so that A2 + 21 = ki
: =|4 _o'=|y 1| thenfindkso tha =K.
1 -1 5 _
7.1f A= L and A“ =kA, then find the value of k.
ANSWERS
2 9/2 1 5/2 2X 2X o
; T sy €77 sinx e” sin 2X N [LE
10) {9/2 8 } (i L/z 2 } (i) [e‘lxsinx e e
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2 3 4 5
3.x=2andy=09. 4.0 |4 6 8 10| (i)[82] 5.0 6.1 7.2
6 9 12 15

LONG-ANSWERTYPE QUESTIONS (4 MARKS)

2 3
1LIfA= { . 2} , then show that A% — 4A+ 71 = 0. Hence find A°.
1 3 2|1
2.Find the valueof xif [L x 1] 2 5 1|2|=0
15 3 2|x
3LetA=| . L
: = rov : = :
¢ 1 3 , prove tha n 1+2n
o
0 —tanE 10 coso. —sina
4.Let A= and |= .Prove that 1+A=(1-A) . :
tan & 0 01 siho.  cosa
2 -2 -4
5.Express A=|-1 3 4 | asthe sum of a symmetric and a skew-symmetric matrix.
1 -2 -3
Using properties of determinants, prove the following :(Q6 to Q 23)
1 a a 1 1 1
6. b b%l=(a—b)b-c)c—a) 7./la b cl=(@-b)(b-c)c-a)a+b+c)
1 ¢ c? a® pd 8
1 X y 1 a bc
8.1 x+y 'y |=xy 9.1 b caj=(a-b)(b-c)(c-a)
1 X X+y 1 c ab
a a+b a+b+c a-b-c 2a 2a
10.]2a 3a+2b 4a+3b+2c|=a’ 11.| 2b b-c-a 2b =(a+b+c)3
3a 6a+3b 10a-+6b-+3c 2c 2c c—a-b
X+Yy+22 X y 1 x x°
12| z y+Z+2X y |=2x+y+2)%13.x% 1 x:(l—x3)2
z X Z+X+2y x x° 1
X+4 2x 2X Ja -a+b -a+c
14.] 2x  x+4  2x |=(5x+4)(4-x)? 15.-b+a 30 -b+c=3(a+b+c)ab+bc+ca)
2X 2X  X+4 -c+a -c+b
b+c q+r y+z a p X 1+a2 —b? 2ab -2b
16.c+a r+p z+x/=2pb q vy 17.| 2ab 1-a% +b? 2a :(1+a2+b2)3
a+bh p+q x+y c r z 2b -2a 1-a®-b?
a’+1 ab ac 1+a 1 1
2 2, h2 2 1 1 1
18.| ab b“+1 bc |=1+a“+b“+c 19./1 1+b 1 =abc(1+—+6+—j=abc+bc+ca+ab
a
ca b c?+ 1 1 1+c ¢
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2
B+y 2 14px°

a o X X
20. p BZ r+ta =(B—Y)(Y—0L)(OL—B)(OL+B+Y) 21. y y2 1+ py3 =@+ pxyz)(x=y)y-2)(z—X)
2

T z z

o+ 2 14p2®
(y+2)°  xy 2 a b ¢
22. xy  (x+2)®>  yz |=2xyz(x+y+2)® 23.]a® b? c?|=(ab+bc+cafa-b)b—c)c—a)
Xz yz (x+y)2 bc ca ab

b+c c+a a+b
24. If a, b, c are real numbers,and [c+a a+b b+c/=0,show thateithera+b+c=0o0ra=b=c.
a+b b+c c+a
a b c
25. If a, b, ¢ are positive and unequal, show that the value of the determinant A=b ¢ alis negative.
c awb

2
26. Show that A = {3 A } satisfies the equation x* — 6x — 17 = 0. Thus find AL,

3
27. IfA = {

1
7 5} , find x and y such that A+ x| = yA. Hence find A1,

3 2
28.For the matrix A = L J , find the numbers a and b such that A2 +aa + b1 =0.Hence, find A™.

: . o . (3 2| |-11] |2 -1
29.Find the matrix P satisfying the matrix equatlon{ }P{—l J{O 4]

7 5
- . . o152 125
30.Using elementary row transformations find A : (i) ) 1 , (i) 1 3l
ANSWERS
118 —o3 e ae . 2 -3/2 -3/2] [0 -1/2 -5/2
| a1 _118 X=-14 or - J-3/2 3 1 |+|1/2 O 3
-3/2 1 -3 5/2 -3 0
1[4 3 x=8 , [5/8 -1/8 a=—4 4 [1 -2
R . 5A = . 1A =
26 17{—3 2} 21 y=8 [—7/8 3/8} 284 -1 3
-16 3 15 21 .12 5
29.{ o _5} 30. (i) {2 J : (||){1 3]

LONG-ANSWERTYPE QUESTIONS (6 MARKS)

1.Solve the following system of equations by matrix method:
2,3 10_,4 6.5 6 9 20

(i) x+2y+z=7, x+3z=11, 2x-3y=1. (ii) =+ 4, =2 4+2=1,—+>-=Z=2 x,y,z#0
X vy z X Vv z X vy z
1 2 5
2.Find A~1, where A=|1 -1 -1|. Hence solve the equations x +2y + 52 =10, x -y -z =-2
2 3 -1

and 2x +3y-z=-11.
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1 1 1
3.FindAt,where A=|1 2 _3|.Hencesolve x+y+2z=0,x+2y-z=9 and

2 -1 3
Xx-3y+3z=-14

: : L . . [2 1] [-3 27 [1 2
4.Find the matrix P satisfying the matrix equation : 3 9 P =

5 -3 2 -1
1-10 2 2 -4]
5.Giventhat A={2 3 4jand B = |-4 2 -4/, find AB. Use this product to solve the
0o 1 2 2 -1 5]
following system of equations: X —-y=3;2x+3y+4z = 17; y+2z =17.
-1 1 2 3 -3 4 2 -1 3
6. Using elementary transformations find A™%:(i) | 1 2 3|(ii) |2 -3 4|(iii))|-5 3 1|
311 0 -1 1 -3 2 3
1 2 3 1 2 -2
ivyif 2 5 7(vw|-1 3 0
-2 -4 -5 0 -2 1
ANSWERS
9 -3 6 75 150 75
1.3i) A’lzé 6 -2 —2| x=2y=1 z=3.(i) A’l_ ! 1110 —100 30 ,X=2,y=3 z=5.
-3 7 =2 —24
4 17 3 -5
4 1 4 1
2.A =§ -1 -11 6 x=-1Ly=-22=3. 3.A —1— -9 4 ,x:l,y=3,z=—2
5 1 -3 -5
P 2 -11 273 2] 25
4, P=A7QB "= P=
-3 2|2 -1|5 3| -37 -22
5. x=2,y=-l1landz=4
1 -1 1 1 -1 0 -7 -9 10 —2—1 3 2 6
6.(1)|-8 7 =5|(ii)|-2 3 —4] (iii) —12 —15 17 (iv) —4 -1lVv)|1 1 2
5 -4 3 -2 3 -3 1 2 25
2. CONTINUTY
* A function f is said to be continuous at x = a if
Left hand limit = Right hand limit = value of the function at x = a
€. im fx)= lim f(x) :f(a)i.e. lim f(a—h)=1Ilm f(a+h)="f(a).
x—a™t X—sa " h—0 h—0
* A function is said to be differentiable at x = aif Lf’(a) =Rf’'(a) . lim fa=h)-1@) _ lim fa+h)=1()
h—0 —h h—0 h

LONG-ANSWERTYPE QUESTIONS (4 MARKS)

3ax+b, if x>1
1 Iff(x) = {11 if x=1,continuous atx =1, find the values of a and b.
bax —2b, if x<1
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sin(a+1)x +sin x, « <0
X
2. Determine a, b, ¢ so that f(x) = c , X=0 is continuous at x = 0.
Vx+bx? —/x
—— , x>0
bx 2

k cos x i
3. 1f f(x) = 72X n2 . is continuous at X = g,find k.

3, X=—

2
2X+1, x<?2
4.f(x)={ k , x=2 iscontinuous at x = 2, find k.
Xx-1, x>2
1 JfF X <3
5. Find the values of a and b such that the function defined byf(x) = <ax+b,if3<x <5 Isa continuous
7 ,if x=>5

function.

Xx—4 .

——+a, If XxX<4

[x -4
6. If f(x)=-<a+b if x=4 is continuous at x = 4, find a, b.

X4 hif x4

-4

x2+ax+b, if 0<x<2

7. The function f(x) is defined as follows : f(X) = 1 3x+2, if 2<x<4
2ax+5b, if 4<x<8

If f(x) is continues on [0, 8], find the value of a & b.

1-sin3x . e
5 ,If X< =

3C0s“ X

8.If f(x)=1 a if x=
b(1—sin x) it s
(n—ZX)2 2

I is continuous at x= . find a, b.
2 2
>

9. Discuss the continuity of f(x) = [X-1+[x-2 atx=1&x=2.

ANSWERS

l.a=3,b=2 2.a=—§,c=%,bis any non - zero real number . 3. k=6
4k=5 5a4=3,b= -8 6.a=1,b=-1 7.a=3,b=-2
8.a=%, b=4 9.Continuous atx =1 & 2.

3. DIFFERENTIATION
. d m _ n-1 i i =-— n i i =
(i) — ()=nx"" ,dx(xn] W (i) - ()=1
(iii) dix(c) =0,VceR (iv) dix @)=a loga,a>0 a1,
V) L @y=e wi) L (logx)=— 1 a>0a=1

dx dx x log a

KVS CR MATHS XII 6



wi) L ogx)= L x>0
dx X
(i%) %(log|x|)=§,x¢o
(i) L (cos ) = - sin x
dx

(xiii) dix (cot X) = — cosec®x

1
xlog a

o d _
(viii) x (loga x |) =
) L (sin x) = cos x
dx
(xii) L (tan x) = sec?x
dx

(xiv) dix (sec x) = sec x tan x

,a>0,a#1, x=0

. . 1
(xv) Ll (cosec x) = — cosec X cot X (xvi) Ll (sinx) = :
dx dx x2
.. d -1 _ d -1 _ 1
(xvii) — (cos™x) = (xviil) — (tan™x) = ,
dx 1_X2 dx 1+ x2
. d -1 1 d -1 1
(xix) — (cot™x) = - (xX) — (secX) = ————.
dx 1+Xx dx |X|1,X2—l
. d -1 — 1 .e d _ X
(xxi) — (cosec™x)= - ___. (xxii) — (Ix|) ==,x=0
dx |X|1’X2—1 dx |X|
... d du . d du |, dv
xxiii) — (ku) =k— XXiV) —(u+v)=—+—
( ) dx( ) dx ( ) dx (uzv) dx dx
Vdu udv
d _ dv_du N4 (U)o Tdax o dx
XXV) —(UV) = U—+Vv— Xxvi) — | = |=—@X _ OX
( )dx( ) Yax VX ( )dx (v) v2

LONG-ANSWERTYPE QUESTIONS (4 MARKS)

1. 1f xPyd9 =(x+y)P*9 | prove that g—zzx

X
V1+x% —v1-x?

\/1+ x2 +\/1—x2

3. Differenti ate w. . t. x 1 X*™ + (sin x )0

4. 1f y = (sin x)* +sin 1 /x , find g_y
X

2. Differenti ate tan‘ll } w.rt. cos T x2.

5. 1f (cosx)Y = (sin y)* find &Y.
dx
2

. . . d
6. If x = a(cosO + 0 sin 0); y = a(sin 6-6 cos ©) find d—)zl at 0=m/4.
X
. 2 d%y | dy
7.1f y =acos(log x) + bsin (log x), prove that x —S X2 +y=0
dx dx
2
8. If V1—x2 +41-y? =a(x—y), show that j_y = 1—y2 :
X 1-x
2
9.1f x= a[cose+ log tang} y =asin 6, find dy ato = E.
2 dx2 3

. d2y dy
- 1,2 2 xX_9
10. If y = (sin 7x)%, prove that (1—Xx°) ol N

11. Find Oli(aX +eX+x*+x* +a?)
X
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\/1+ x2 —\/1—x2
\/1+ x2 +\/1—x2

n
13. If y=(x+\/x2+a2j , prove thatj_yzn—y
X

12. Differentiate tan 1[ ] w.r.t. cos™ x2.

X2 +a2
182 2 2 d? y 2 dy
14. If = (tan™x), prove that (x“+ 1) ——+2x(x“+1) -=-2=0
dx 2 dx
2
15. Find 9Y ify = cos~1| SXEAL=XT |
dx 5
16. If y:\/x2+1—|og(1+ /1+izj, fing ¥
X X dx
2
17.1f y =% prove that coszxd—y—(1+sin 2x)d—y=0.
dx? dx
ANSWERS
2.~ % 3. x%" X[Sinxxﬂog X.C08 x} +(sin x )™ *[cos x.cot x —sin x log sin x]
4. (sin x)* [log sin x + x cot x|+ 1 g5 logsiny+ytanx
2\/X—X2 log cos x — x coty

dx 2 acoso '

2 : 2
6. d2y __cosec29 d2y :ﬂ 9. d7y = sin 0 , d7y :@
dx?| , m dx® acos*0 | dx? 0=/3

11.a% loga+e* +x*(1+logx)+ax®? 15

4 APPLICATION OF DERIVATIVES
(@) INCREASING & DECREASING FUNCTION

** (i) fis strictly increasing in (a, b) if f '(x) > 0 for each x < (&, b)
(ii) fis strictly decreasing in (a, b) if f '(x) <0 for each x < (a, b)

LONG-ANSWERTYPE QUESTIONS (4 MARKY)
1. Find the intervals in which the following functions are strictly increasing or decreasing:

(i) f(x) = 4x* — 6x° — 72x + 30 (i) f)=—2x3 - 9x* - 12x + 1
(iii) f(x) = (x + 1)* (x - 3)° (iv) f(x) = sinx + cosx ,0< X <21
(v) f(x) =sin 3x, x {0 , ﬂ (vi) ) = X 2X X 08X

Vi) FX) = x3+ % x =0
X3

2.Show that 'y = log (1+ x)—zz—xx, x > -1, is an increasing function of xthroughout its domain.
+

4sin0

3. Prove that y = 2+ cos0)
+C0s

—@is an increasing function in [o , g} :
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ANSWERS

1.(i) Tin (—0,—2)uU(3,0) and {in (-2, 3) (i) 1in(=2,-1) and {in (—0,—2) U (-1,)
Gi)tin (1,3) @3, w)and 4 in (oo, 1) (-1, 1)
(iV)“n[O,EJU(@,Zn} and 4 in(ﬁ,s—nj (v) Tin[oﬁ} and 4 in [E,E}
4 4 4’ 4 6 6’2
(vi) T in(o,gju(%ﬁmj and 4 in [g%") (ii) T in (o~ U@ eo)and 4 in (- 1, 1)
(b) TANGENT & NORMAL

** The equation of the tangent at (xo, yo) to the curve y = f (x) is given by v —yo = T'(X,) (x — xo).

** The equation of the normal at (Xo, Yo) to the curve y =f (x) isgivenby y—yo= — (X — Xo).

1
(o)
LONG-ANSWERTYPE QUESTIONS (4 MARKS)

2 2
1. Find points on the curve XT n % —1 at which the tangents are (i) parallel to x-axis (ii) parallel to

y-axis.

2. Find the equations of the tangent and normal to the curvey = x* — 6x° + 13x* — 10x + 5 at (0, 5).
3.Find the equation of the tangent line to the curve y = x*> — 2x +7 which is

(a) parallel to the line 2x —y +9 =0 (b) perpendicular to the line 5y — 15x = 13.

4. For the curve y = 4x® — 2x°, find all the points at which the tangent passes through the origin.

5. Find the equation of the normals to the curve y = x* + 2x + 6 which are parallel to the line

X+ 14y + 4 =0.

6. Prove that the curves x = y? and xy = k cut at right angles if 8k® = 1.

7. Show that the normal at any point 6 to the curve x =a cosf + afsinf,y=asind —afcosb isata
constant distance from the origin.

ANSWERS
1.(i) (0, 5) and (0, —5) (ii) (2, 0) and (-2, 0). 2.Tangent : 10x +y =5, Normal : x — 10y + 50 = 0.

3.(a)y—2x—3=0, (b) 36y + 12x — 227 = 0. 4.(0,0),(1,2),(-1,-2)
5.x + 14y — 254 =0, X + 14y + 86 = 0.
(©) MAXIMA & MINIMA

**If ¢y ,Co, ..., cy are the critical points lying in [a, b],

then absolute maximum value of f = max{f(a), f(c1), f(c2), ... , f(cn), f(b)}
and absolute minimum value of f =min{f(a), f(c1), f(c>), ..., f(cn), f(b)}.
** Second derivative test

(i) a function has a local maxima at x = a if f'(x) 0 and " (a) <0

(i) a function has a local minima at x = a if f '(x) = 0 andf "(a) > 0.

LONG-ANSWERTYPE QUESTIONS (4 or 6MARKYS)

1.A square piece of tin of side 18 cm is to be made into a box without top, by cutting a square from each
corner and folding up the flaps to form the box. What should be the side of the square to be cut off so
that the volume of the box is the maximum possible.

2. Show that of all the rectangles inscribed in a given fixed circle, the square has the maximum area.

3.A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a square and the
other into a circle. What should be the length of the two pieces so that the combined area of the square
and the circle is minimum?
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4.Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is %of the

volume of the sphere.

5.Show that the right circular cone of least curved surface and given volume has an altitude equal to
/2 time the radius of the base.

6.Shlow that the semi-vertical angle of the cone of the maximum volume and of given slant height is
tan " /2.

7.Show that semi-vertical angle of right circular cone of given surface area and maximum volume is

(3

8. A window is in the form of a rectangle surmounted by a semicircular opening. The total perimeter of
the window is 10 m. Find the dimensions of the window to admit maximum light through the whole
opening.

9. A window is in the shape of a rectangle surmounted by an equilateral triangle. If the perimeter of the
window is 12 m, find the dimensions of the rectangle that will produce the largest area of the window.
10.Show that height of the cylinder of greatest volume which can be inscribed in a right circular cone of
height hand semi vertical angle a is one-third that of the cone and the greatest volume of cylinder is
inh3 tan® .

27

11. The sum of the perimeter of a circle and square is k, where kis some constant. Prove that the sum of
their areas is least when the side of square is double the radius of the circle.

12. If the length of three sides of a trapezium other than base are equal to 10 cm, then find the area of the
trapezium when it is maximum.

13. Show that the height of a cylinder, which is open at the top, having a given surface and greatest
volume, is equal to the radius of the base.

14. If the sum of hypotenuse and a side of a right angled triangle is given, show that the area of the
triangle is maximum when the angle between them is /3.

15. Find the point on the curve y* = 4x, which is nearest to the point (2, —8).

ANSWERS
1.3cm 3.112 cm,ZSTc cm. 8. 1= 20 m,b= 10 m .
n+4 n+4 n+4 n+4

12 18—6\/5 75+/3
9. ' 12. 2¥2 o2 15. (4, -8).

6-v3' 6-43 2 " “.-9)

5. INDEFINITE INTEGRATION
n+1 1 1

* [xNdx == *|1ldx=x+cC *|—dx=———"—+¢C

J.X X n+1+C J‘ .[Xn (n _1)Xn—1
*J'%zz\/;Jrc *J&dx+c *_[exdx:ex+c

X

a.X
*jaxdx=—+c *Isinxdx:—cosx+c *Icosxdx:sinx+c
log a
*jseczxdx:tanx+c *_fcoseczxdx:—cotx+c *Isecx.tanxdx:secx+c
*fcosecx.cotxdx=—cosecx+c *_[tanxdx:—Iog|cosx|+c=Iog|secx|+c
*[cot x dx = log |sinx |+ C *Isecxdx:log|secx+tanx|+C
*jcosecxdx:log|cosecx-cotx|+C *j dx =ilogx_a+c,ifx>a
x2_a® 2a “|x+a
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AL tX cifx>a “f de “LlantXic
a—x 2a X x2+32 a a
1 X [
! =log | x + x2+a2|+C

1 .
jwdx:sm 2+C [ —— 2.2

5 o 2
_“\/7 log | x + x% —a? |+C "‘J‘\/x2+a2dx:2\/x2+a2ﬁLa?IogxﬁL\/x2+a2 +C
X
2 2
*J' x2—a2dx:§\/x2—a2 —a?log x+Vx%—a%[+C *_[ alz—xzdx=§\/az—x2 +a7sin_1§+c
LONG-ANSWERTYPE QUESTIONS (4 MARKS)
PX+q PX +q
~TYPE-L | o, | dX, [(px-+q)yax? +bx+c dx
ax® +bx +¢ vax® +bx +¢ Jpxra)
(2x — 3)dx 5 [_2sin 2¢ cos ¢ 3 x2.dx 4 [_Bx+Dx
1I do \5—— |
x? —3x—18 6 —cos ¢ 4sin ¢ X +6X+12 V55— 2x — x2
2x +1 10)4 2 dx
5[ e.j(2x+3) x2 +4x +3.dx f——
VX% +4x+3 J(x—a)(x-b)
** TYPE-1I Integration of Trigonometric Functions
* 2sin A.cos B =sin( A + B) +sin( A — B) *2cos A.cos B =sin( A+ B) —sin(A—B)
*2cos A.cos B=cos(A + B) + cos(A — B) *2sin A.sin B =cos(A — B) —cos(A+ B)
*cosZAzw, sinzA:% *sin 3x = 3sin X —4sin° X, cos3x = 4cos® X —3¢os X
1. [sin* x.dx 2.[ cos® x.dx 3.Jcosx.cos2x.cos3x.dx 4. J‘ sin 3 x.cos® x.dx
-8 8
sin® x —cos® x
5.{ sin 5 x.d 6. dx
ISIn e J.1—25in2x.coszx

dx dx dx dx dx
** TYPE-III , )
J‘asin2x+bcoszx -[a+bsin2xja+bc052x '[ '[ 2

(asinx + bcosx)2 a+Dbsin%x +ccos®x

i | ax (i | ox
asin2x+bcoszx c0s X(sin X + 2cos X)

** TYPE-IV. [ = o 3 x__ | ax
- a3|nx+bcosx asin Xx+bcosx+c a+bcosx Ja+bsinx
dx dx
— 2[ 9 o Y N
3+ 2sin X +C€0S X 5+4sin X SII’IX+\/_COSX sin x ++/3 cos x

*x TYPE-V J'as!n X +bcos x " J' dx_ _[ dx
- Jcsinx+dcosx atbsinx Jazxbcosx

1_IZS_ln x+3cosxdx Z'I dx S'I dx
3sin X +4.c0s X 1-tanx 1+cotx

** TYPE-VI Integration by parts :
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1. J'xz tan 1 x dx 2. j(sin = x)zdx 3. [(log X)2 dx 4, .[8603 X dx

*% MIex[f (x) +f(X)'}JX

1 2 2+sinx ) 3. (1= smx)x 4 X< +1 eXd
Ix+1 J.[1+c052xje o -[(1 COS X J’(x+1) g

x-1 2—X
5. 1 6. | - eXdx 7 |22
J {'(’g('c’g X" log x }dx | (x+17 | -x)

** TYPE-VIII Ieax sin bx dx , Ieax cos bx dx
1. Iezxsin 3x dx Z-J‘eX sin 2 x dx
** TYPE-1X Integration of Rational Functions using PARTIAL FUNCTION

2
X 3X -2 ax
1. dx 2. j— X 3. J—dX 4, ! d
.[(x—l)(x—Z)(x—S) (x+1)%(x +3) (x+2)2(x% +1) Il+x3 §
_[ X% +2x +8 " 6. I X2 +X+1 e 7'_[ dx. 8 J-tanx+tan3x "
(x-D(x-2) (x2 +1)(x +2) sin X +sin 2x 1+ tan® x
J-(x +1)(x +2) dx 10.]‘ dx
(x2 +3)(x% +4) x(x* -1)
** TYPE-X
dx dx dx cos(x +a)
1. 2. 3. 4, .
-[sin(x —a).sin(x —b) -[cos(x —a).cos(x —b) J.sin(x +a).cos(X + b) J.sin (x + b) ox
ANSWERS
TYPE1
3
{Iog‘x +3X - 18‘——Iog >):+6 +c} 2. [2Iog‘sin2¢—4sin¢+5‘+7tan‘1(sin<|>—2)+cJ

3. | x—3log|x? +6x +12 +2\/§tan‘1(x—+3J+c 4,1-3 5—2x—x2—23in‘1(x—+1j+c
{ 0| | NG NG

5. [2\/x2+4x+3—3log[x+2 x2+4x+3J+c}

6. {%(x2+4x+3)—%{(x+2)\/x2+4x+3—|og‘(x+2)+\/x2+4x+3}+c}

7. lZIog‘\/x—a +\/x—b‘+cJ

TYPE-II
1. L ax—osinox+ S )4 ¢ 2. L ax 1 26in 2x+ X)L ¢ 3,[§+3i“6><+5i”4x+3i”2x+
8 4 8 4 4 24 16
[ 4 - 6 . 3 . 5
4 S|n4 X _sm6 X +c:| 5 l:sinx— 232 X +S|n5 X +c} 6. [_%Sm 2X+C}
TYPE-III
1. (atanx) |
1. |—tan +C 2.
=|2b ( b ) _ [log(tan x + 2) +c]
TYPE-IV
1 {tan‘l(lﬁani]ﬂ 2 Ftan‘l(tanxmj+c} 3. | Liog|Lr 3t x/2|,
2) 3 3 2 " |3-J3tanx/2
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1
4. 1 =lo

X T
tan| —+ —
(2 12]

:

TYPE-V
1[18,,1 }[i_l in x — J 3.[5_3 in x— }
[15x+ log [3sin x +4cos x|+ ¢ > 2Iog|smx cos X| > 2Iog|5|nx cos x|
TYPE-VI
3
1.)(?tan*1x—%x2 +%Iog‘x2 +]{ +C 2. x(sin 1 x)? —2[—sin Txy1-x2 +x}+c
3.X(|ng)2—2[xlogx—x]+C 4.%secxtanx+%log|secx+tanx|+C
** TYPE-VII
1.LeX+C 2.eXtanx+C 3. —eXcot>+c
X+1 2
X eX
4. e* -2 C 5. xlog - 6. +C
e TR x log (log x) Iogx+ (X+1)2
eX
7. +C
1-x
** TYPE-VIII
2X X
1. £ (2sin3x —3cos3x)+C 2. Lex ~ & (cos2x +2sin 2x)+C
13 2 10
TYPE-IX
1. —Io x—1|—4log|x — 2|+ Io x—3/+C 2. 1 qlx*1 §(Lj
g| ]4 g| | g| | 4Iog x+3+2 X+1 tC
% 1
1 1 1 o 1 1 ] Y
= - = 4. =log[l+x|—=lo ‘1—x+x ‘+—.—tan —= |+C
3 5loopx+d 2(x+1) 409‘)( +rc 309X~ 5 1og 23 3
2 2
~11log|x -1 +16 log|x - 3 Liog(x2 +1) + Stan1
5. Xx—11log[x -1 +16log|x -2+ C G.glog|x+2|+glog(x +)+ctanx+C
1 1 2
7. glog|cosx—]4+glog|cosx+]1—§Iog|1+2cosx|+c
1 1 2 1 (2tanx-1
8.—=logl+tan x|+ =lo ‘tan x—tanx+1‘+—(—j+c
2 4 x _1(xj -1
9.Xx+—tan"| —= |-3tan | = [+C 10.1 C
o e
TYPE-X
1 sin|x — b 1 cos|x — b|
L= - + .= log
sin(b—a)  sin|x—a| sin(b—a)  cosjx - a|
1 |0 [sin{x+ a)|+c 4.cos(a—b)log sin|x +b|-(x +b)sin(b-a)+C

“cos(b-a) |cos b)
6. DEFINITE INTEGRATION

* General Properties of Definite Integrals.

b b b b
* jf(x) dx = jf(t) dx *jf(x) dx =- jf(x) dx
a a a a
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b c b
*jf(x) dx = jf(x) dx + jf(x)dx

b b
*jf(x)dx = J'f(a+b—x)dx

a a
*jf(x) dx = jf(a-x)dx
a a . . R
* If(X) dx = ng(x)dx, if f(x) is an even function of x.
@ 0 if f(x) is an odd function of x
a
2a 2| f(x)dx, if f(2a - x) = f(x).
oo = gn (22~ =1(4
0

0 if (2a - X) = -f(X)

LONG-ANSWERTYPE QUESTIONS (4 or 6MARKYS)

Evaluate the following integrals

1 T‘jz Jsinx

dx
o Vsinx ++/cosx

T X
4.j ~dx

01+s|nx

T .

6]‘ X tan x ORJ' Xsinx

o SECX +COSX 01+cos x
9 nj3 dx

,61+\/tanx

/2

xsmx COSX

12. j dx

o sin*x+cos*x

15.f — X _dx
01+ coso.sinXx

5
18.]Qx—2|+|x—3|+|x—4|)dx
2

3/2

21 _[|xsin x| dx
)

24, T‘jz 4sin2x

o sin®x+cos’ x

1. 2T
4 4
2
T
7.——log?2 8.—
g 443
n? log(+/2 +1)
13.7 14.T

n/2 3
c0Ss° X

2. — g dx

o Sin°X+cos’X

T T H

X tan X Xsinx

5. j ORj :

0 01+s:|nx

secx + tan x
2

T

/
7. [logsinx dx
0

nl4

10. I log (L + tan x )dx

13T X tan x dx
o SECX.COSecxX

16. [log(l+cosx)dx
0

™4 Sin X + cos X
19. f SHATESA
0 9 +165sin 2x

n/
22. ﬁsin|x| — coslx|Jdx

—n/2
o5 [ X dx
£a2c032x+bzsin2x
ANSWERS
3.1 4.n
9.~ 1O.ElogZ
12 8
15 ¢ 16.— nlog2
sina
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dx

j : dx
\/_+\/4 X
8. I X dx
04— cos® x
n/2
11. [(2log sin x —log sin 2x)dx
o
2x
14, ILdX
o SinXx+cos x
17. ”xe’—x‘dx
|
n/2
20. jsin 2x.tan *(sin x)dx
o
4
23 ,f de
o sinx+cos* x
/2
26."] SIN°X g

o Sin®x +4cos? x

2
5.n(£_ j 6.1
2 4

2

11. 5000 127
16

17.E 18.§
4 2



3n+1

9. 1og9 2071 21. 22.0 23.% 24.%
40 2 2 4 2
2
% 26%
7. DIFFERENTIAL EQUATION
** Homogeneou s Differenti al Equation :g—i = % where f1(x, y)&f, (X, ) be the homogeneou s function
2(X,

of same degree.
** Linear Differential Equation :

0] g—i + py = q, where p & be the function of x or constant.
Solution of the equation is : y.e/P® = Iej PIX dx, where /P is Integratin g Factor (I.F.)

(i) ((le_x +px =q, where p & be the function of y or constant.
y

Solution of the equation is: x.e/P%Y = I e/PYY qdy, where e/P% is Integratin g Factor (I.F.)

LONG-ANSWERTYPE QUESTIONS (4 or 6MARKS)

HOMOGENEOUS DIFFERENTIAL EQUATIONS

Solve the following differential equations
1. Sohve (x2 —y2)dx + 2xydy =0, given that y(l)=1. 2. ¥ - X@Y=X) i thaty —1 when x =1,

Tdx x(2y+x)’
3. (3xy —yz)dx"' (X2 +Xy)dy =0. 4. % = %+ cos ec[%j, given that y =0, when x =1.
5. x ¥ :y—xtan(lj 6. (x3+y3)dy—x2ydx =0
dx X
7. x4y + (xy +y?)dx =0, given thaty =L whenx =1. 8. (x_y)j_y _x+2y
X
9.ydx + xlog [%j—Zxdy = 010. xdy —ydx =/x* +y? dx
d
11.2x° y_ 2Xy + y2 =0 12. xﬂ—y+sin(zj =0, given that y = it, when x = 2.
dx dx X
13. 2ye)dde+(y—2xeX’y)iy= 0,given that Y(O):l- 14. x%.sin [%)+x —ysin (%) =0, given that y(l):g.
15. (xey/ X4 y}ix = xdy, given that y =1, whenx =1.
ANSWERS
1. x? +y2 =2X 2.log M +itan_l 4y —x +2log x = log 2+itan_1(ij
x?2 J7 V7 x V7 J7
3
3.x|og(x3y)=Cx 4.cosleog X+1 5. xsin Y =C 6.—X—3+Iog|y|=C
X X 3y
7.3x2y =Y+ 2X 8.log ‘xz + Xy + yz‘ —23tan7! 2y_+xj =C 9.[Iog y —1} =Cy
J3x X
10.y + /X% + y? = Cx? 11.2—;(:Iog|x|+C 12.(cosec%—cot¥j:2
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Yy Y4
13.2eX/y+Iog|y|=C 14.cos¥=log|x| 15.eX.log[x —eX +1=0

LINEAR DIFFERENTIAL EQUATIONS

Solve the following differential equations :

2 dy dy

1.cos”“Xx—+y=tanx 2.Xx—+y=xlog x; x=0
dx dx
3. (1+x2)d—y+y=tan_1x 4.x|ogxd—y+y=2Iogx
dx dx
5d—y+ = CO0S X —sin X gy i T
"dx y= 6.Solve .d—X+ycotx=4xcosecx, (x = 0), given that y 5 =0.
2 dy 2
7.2 W 2wy = 8. xlog X —= +y = =log x
OF -1 a2y = gx o +y="log
d [
9.(X2+1)%+2xy= x% +4 10.(3x2+y)%(:x,x>0, when x =1, y =1.
d - 3d =0 dy . T
11 xdy+(y—-x")dx = 12.d—x+2ytanx:3|nx;y§ =0
2 .
13. (1+x7)dy+2xydx =cotxdx ; x#0 14.%(+xcoty:2y+y2 coty, (y = 0),given that y(gjzo.
15. (1+ xz)d—y+y=eta”_lx
dx
ANSWERS
1. yel™ — el (tanx —1)+ C 2. yzg(bg x_%}uc
3.y=(tanx—-1)+Ce™™ * 4ylogx = (logx)’ +C 5.y=cosx+Ce
2
inx—ox2 % 7y__1 x=1,_C 8ylog x = —2[log x +1]+ C
6. ysin X = 2x > 7'y_x2—1log|x+1|+x2—1 ylog X[ g ]
9.(x2+1)y:§\/x2+4+2Iogx+\/x2+4 +C 10.y=3x2—2x
4 .
xy=>_+cC 12.y = cosx — 2C08 X 13y ogsinx _C
4 1+ x2 1+ x2
tan ' x
2 e _tan-l
14.xsin y = y? sin y—% 5y= +Ce N X

8. VECTOR ALGEBRA
* Position v ector of point A(x,y,z)= OA=xi + yj+zk

*1f A(xy,y1,21) andpoint B(xp,Yp,25) then AB=(xp =Xy )i +(y2 —y1)j+ (2 — 2k
— n n n -
*If a =xi+yj+zK ;|a|=\/x2+y2+z2

_)
*Unit vector parallel to a =

=4

|
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- > - -
*Scalar Product (dot product) between two vectors: a.b =|a|/b|cos® ; ©is angle between the vectors
- -
*cosezi—'i
|allb]
- 2 N N - N % N -
*If a=aji+byj+ck and b =asi+byj+cok thena.b=aa,+bsby +cC)

- - -> -
* If a is perpendicu lar to b then a.b =0

2

- > -
*a.a=|a|
IR - -
* Projection of a on B:aT.b
o]

- - —
* Vector product between two vectors: axb=|a|[b|sin® fi ; Ais the normal unit vecto r which is

- -
perpendicu lar to both a & b

- =
. axb
- =
axb
- - - -
*If a isparallel to b thenaxb =0
- -> 1P >
* Area of triangle (whose sides are given by a and b) =5 axhb
— — - o
* Area of parallelog ram (whose adjacent sides are given by a and b)={ax b
— — 1> =
* Area of parallelog ram (whose diagonals are given by a and b) = > axb
a; dp as
- - e e e T T S
* Scalar triple product of vectors a, band c=[a b c]=a.(bxc)=|by by, bj
Cb C C3

- = - - = =
* Three vectors a, b and c are coplaner iff [a b ¢c]=0

LONG-ANSWERTYPE QUESTIONS (4MARKYS)

- - - -
1. Find a vector of magnitude 5 units, perpendicular to each of the vectors(a + b ),(a — b ) where
g n A . d ~ n .
a =i+t]+kand b = i+2]+3k.
2. If the sum of two unit vectors is a unit vector, show that the magnitude of their difference is \/§ .

3. The dot products of a vector with the vectors i— 3], i- 2jand i+ ] +4kare0,5and 8
respectively. Find the vectors.

- “ A . - o A . - ~ N . . e . .
4. leta =i +4)+2k , b =3i—-2)+7kand ¢ =2i—] + 4k. Find a vector d which is

. — — - -
perpendicular to both a and b andc . d =18.
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- > - -
5.1f a, b, c arethree mutually perpendicular vectors of equal magnitudes, prove that a +
is

- >
b +c

equally inclined with the vectors a , b, c
- ~ . s . N .
6. If a unit vector a makes angles /4 with i,-/3 with | and an acute angle 8with k , then find the
%
component of a and angle 6.
7. If with reference to the right handed system of mutually perpendicular unitvectors i ,],andl%,
- A ~ A ~ s A . .
o =3i+4]+5k, E =2i+ ]—4k then express E in the form of E 1+E 2, Where E 11S parallel to
- - . . -
o andg, is perpendicular to o .
8. The scalar product of the vector i + j + k with the unit vector along the sum of vectors 2i + 4]- 5k

and Li + 2] + 3kis equal to one. Find the value of A.

- — - - — — .
9.1f a , b and c be three vectorssuchthat|a |=3,| b |=4,]| c | =5 and each one of them being

B i - - -
perpendicular to the sum of the other two, find | a + b + ¢ |.

10. Show that the points A, B and C with position vectors, a=3i-4 i— 4k, b=2i- j+ kand

g ~ " A . . . .
c = i— 3 ]- 5k, respectively form the vertices of a right angledtriangle.
- - - . - - - . - > S S5 S o
11.1f a, b, c are unitvectorssuchthat a + b + ¢ =0, findthevalueofa .b+ b.c+ c.a.
- - - . . - - — e s S
12. Three vectors a , b, c satisfy the condition a + b + ¢ =0.Evaluatea .b+ b.c + ¢ .a

L= — —
iffa|=1,|b|=4,|c|=2.
13.Show that the four points A, B, C and D with position vectors 41 + 5] +k : —]— R, 3?+9]+4IA< and

4 (~1+]+k) respectively are coplanar.

- > o . e s T S - —
14.Show that the vectors a , b, ¢ are coplanarifandonlyifa +b, b + ¢ and c + a are coplanar.
ANSWERS
2 R A 1> — -
s 24 15 2 i 1 1 T
1. 2§+ 5 j-—k 3.1+2j+k 4647 —2 ] — 28k 6.—=4a,=-b,=cO==.
NN RN : e 2272773
7 2|+j_4|A(:(_§i_£]_kj+[2i+g]_3ﬁj8.7»=1. 9.5v2.
5 5 5 5
11.—§ 12_-%
2 2

9. THREE DIMENSIONAL GEOMETRY

** Direction cosines and directionratios:
If alinemakesanglesa, B and y with X, yand z axes respectively the cosa, cospand cosy are the directioncosines
denotedby I, m, n respectively and 1> +m?+n? =1

**Any three numbers proportion al to direction cosines are direction ratios denoted by a,b,c

l:mzﬂ |:i;’ m=+ b , n =+ (o] ’
a b c VaZ + b2 4+ ¢2 VaZ +b? 4+ ¢2 Va2 + b2 4+ c2
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* Direction ratios of a line segment joining P(xq,y1,21) and Q(x5,y,2,)may be taken as X, — X1, Yo — Y1, Z2 —21
* Angle between two lines whose direction cosines arely, my,ny and l,,m,,n5 is given by

djap + ble +C41Co
\/(alz + b12 + 012 13.22 + b22 + 022)

. a b C . .
* For parallel lines =L = =1 = =1 and for perpendicu lar lines a;a, +bib, +¢,co =0 or kil +mym, +nn, =0
b 182 +bibs +ciC) 1o + MMy +nqn,
az 2 C2

** STRAIGHT LINE:

cosO=Iyly + mm, +niny =

X _YWN_7-%4
b c

—a_y-B_z-y

a b c

* Equation of linepassing through a point(xl,yl,zl) with directioncosines a, b, c: X

* Equation of linepassing through a point(xl,yl,zl) and parallelto the line: X IS

X=X _Y=%1_2-%4
a b c

* Equation of linepassing through two point(x,,y,z,) and (x,,y,,2,) is b = YY1 _ 274

Xo=Xy Yo=¥1 274

* Equation of line (Vectorform)

Equation of line passing through a point aand in the directionof bis r=a+Ab
* Equation of line passing through two points a &b and in the directionof bis r=a + X(B —5)
* Shortestdistance between two skew lines: if linesarer = a_i + XE r= aj +kbj

then Shortest distance :(5‘5)(5XF2) ;b xb, %0
‘blxbz‘

R —_
———  ;b;xb,=0
a
**PLANE:
* Equation of planeis ax + by +cz+d = 0where a, b & c are directionratiosof normal to the plane
*Equation of plane passing through a point (x;,Y;,z,)is a(x —x, )+ b(y —y;)+c(z—z,)=0

. - . X z .
*Equation of plane inintercept formls—+%+—=1,where a,b,careinterceptson the axes
a c

*Equation of plane innormalform Ix+my + nz = pwherel,m,n are directioncosinesof normaltothe plane p is
length of perpendicular formoriginto the plane

LONG-ANSWERTYPE QUESTIONS (4 OR 6 MARKS)

1. Find the equation of the line passing through (1, —1, 1) and perpendicular to the lines joining the points
4,3,2),(1,-1,0)and (1, 2,-1), (2, 2, 1).
1-x _ Ty-14 _ 5z2-10 and 7-7x _ y-5 _ 6-z

2\ 11 3\ 1 5

2. Find the value of L so that the lines

are perpendicular to each other.

3. Find the shortest distance between the following lines : XIS = y—25 = 217 and X;l = yzl -z Il

4.Find the shortest distance between the following two lines:
T+ 1)i+@-V)i+( + Dk and r=(Qi—j— k) +p@i+ J+26).

x-1_ y;Z = ZZS and X;4 =y7_1 =z intersect. Find their point of intersection.

5. Show that the lines
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X+2 y+1 z-3

2

7. Find the image of the point (1, 6, 3) in the line §= yT—l :%.
8. Show that the four points (0, -1, -1), (4,5, 1), (3,9, 4) and (- 4, 4, 4) are coplanar and find the
equation of the common plane .
9. Find the equation of the plane passing through the point (— 1, — 1, 2) and perpendicular to each of the
following planes: 2x +3y—-3z=2and5x -4y +z =6.
10. Find the equation of the plane passing through the points (2, 1, -1) and (-1, 3, 4) and perpendicular
to the plane x — 2y + 4z = 10.
11. Find the Cartesian equation of the plane passing through the points A(0, 0, 0) and B(3, — 1, 2) and
X-4 y+3 z+1

IV
12. Find the equation of the plane passing through the intersection of the planes 2x -3y +z +4 =0 and
X—y+z+1=0and perpendicular to the plane x +2y — 3z +6 = 0.

6. Find the point on the line at a distance 3.2 from the point (1, 2, 3).

parallel to the line

13. Find the equation of the plane passing through the intersection of the planes ?.(2? +j+3k)=7and

T (20 +5]+3k) =9and passing through the point (2, 1, 3).
14. Find the equation of the plane passing through the intersection of the planes 2x +y —z =3 and
Xx-1 y-3 z-5

4 5

15. Find the equation of the plane passing through the intersection of the planes 7.(2? +6j)+12=0

5x =3y +4z + 9 = 0 and is parallel to the line

and —r>.(3?—]+ 4k) =0 which are at unit distance from origin.

16. Find the coordinates of the foot of the perpendicular and the perpendicular distance of the point
(1, 3, 4) from the plane 2x —y + z + 3 = 0. Find also, the image of the point in the plane.

ANSWERS
x-1 y+1 z-1 <N
1. X2 Y*2 2.0=7 3. 4,392
— =1 ] 2./29 5 units
5.(3,_3,_2) 6.(—2, -1, 3)or [@ s Z) 7.(1,0,7)
2 2 2 17 17 17
85x-7y+11z+4 =0 9. 9x +17y +23z2 =20 10.18x + 17y +4z2-49=0
11.x - 19y — 11z =0. 12X~ 5y —3z-23=0. 13.7 (2 —13j+3k) =0

147x+9y—102-27=0  15.7r.(2i+j+2k)+3=0 and r.(=i +2j—2k)+3=0.
16.(1,3,0) and (-1,4,-1)

10. LINEAR PROGRAMMING PROBLEM

** Solving linear programming problem using Corner Point Method. The method comprises of the
following steps:

1. Find the feasible region of the linear programming problem and determine its corner points
(vertices) either by inspection or by solving the two equations of the lines intersecting at that point.
2. Evaluate the objective function Z = ax + by at each corner point. Let M and m, respectively denote
the largest and smallest values of these points.

3. (i) When the feasible region is bounded, M and m are the maximum and minimum values of Z.
(i) In case, the feasible region is unbounded, we have:

4. (a) M is the maximum value of Z, if the open half plane determined by ax + by > M has no point in
common with the feasible region. Otherwise, Z has no maximum value.

(b) Similarly, m is the minimum value of Z, if the open half plane determined by ax + by <mhas

no point in common with the feasible region. Otherwise, Z has no minimum value
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LONG-ANSWERTYPE QUESTIONS (6 MARKS)

1. Reshma wishes to mix two types of food P and Q in such a way that the vitamin contents of the
mixture contain at least 8 units of vitamin A and 11 units of vitamin B. Food P costs Rs 60/kg and
Food Q costs Rs 80/kg. Food P contains 3 units/kg of Vitamin A and 5 units / kg of Vitamin B while
food Q contains 4 units/kg of Vitamin A and 2 units/kg of vitamin B. Determine the minimum cost of the
mixture.

2. A manufacturer produces nuts and bolts. It takes 1 hour of work on machine A and 3 hours on machine
B to produce a package of nuts. It takes 3 hours on machine A and 1 hour on machine B to produce a
package of bolts. He earns a profit of Rs17.50 per package on nuts and Rs 7.00 per package on bolts.
How many packages of each should be produced each day so as to maximise his profit, if he operates his
machines for at the most 12 hours a day?

3. A toy company manufactures two types of dolls, A and B. Market tests and availableresources have
indicated that the combined production level should not exceed 1200 dolls per week and the demand for
dolls of type B is at most half of that for dolls of type A. Further, the production level of dolls of type A
can exceed three times the production of dolls of other type by at most 600 units. If the company makes
profit of Rs 12 and Rs 16 per doll respectively on dolls A and B, how many of each should be produced
weekly in order to maximise the profit?

4. A merchant plans to sell two types of personal computers — a desktop model and a portable model that
will cost Rs 25000 and Rs 40000 respectively. He estimates that the total monthly demand of computers
will not exceed 250 units. Determine the number of units of each type of computers which the merchant
should stock to get maximum profit if he does not want to invest more than Rs 70 lakhs and if his profit
on the desktop model is Rs 4500 and on portable model is Rs 5000.

5. There are two types of fertilisers F; and F,. F; consists of 10% nitrogen and 6% phosphoric acid and F;
consists of 5% nitrogen and 10% phosphoric acid. After testing the soil conditions, a farmer finds that she
needs atleast 14 kg of nitrogen and 14 kg of phosphoric acid for her crop. If F; costs Rs 6/kg and F; costs
Rs 5/kg, determine how much of each type of fertiliser should be used so that nutrient requirements are
met at a minimum cost. What is the minimum cost?

6. An aeroplane can carry a maximum of 200 passengers. A profit of Rs 1000 is made on each executive
class ticket and a profit of Rs 600 is made on each economy class ticket. The airline reserves at least 20
seats for executive class. However, at least 4 times as many passengers prefer to travel by economy class
than by the executive class. Determine how many tickets of each type must be sold in order to maximise
the profit for the airline. What is the maximum profit?

7.Two godowns A and B have grain capacity of 100 quintals and 50 quintals respectively. They supply to
3 ration shops, D, E and F whose requirements are 60, 50 and 40 quintals respectively. The cost of
transportation per quintal from the godowns to the shops are given in the following table:

Transportation cost per quintal (in Rs)
From/To A B
D 6 4
E 3 2
F 2.50 3

How should the supplies be transported in order that the transportation cost is minimum? What is the
minimum cost?

ANSWERS
1. LPP is to minimise Z = 60x + 80ysubject to the constraints, 3x + 4y-8 ,5x + 2y > 11, x,y>0

Corner point | Z = 60x + 80y
A(g , 0) 160
Minimum

B(Z | 1) 160

2
C(O | EJ 440

2
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2. L.P. P is to maximise Z = 17.5x + 7ysubject to the
constraints, X + 3y €12 ,3x +y < 12, x, y>0

Corner point | Z=17.5x + 7y
0(0, 0) 0
A(4, 0) 70
B(3, 3) 73.5 — Maximum
C(0, 4) 28

Thus, 3 packages of nuts and 3 packages of bolts should be produce Y

each day to get the maximum profit of Rs 73.50.

3. LPP is to maximize z = 12x + 16y subject to the constraints,

X+y < 1zoo,yg§,x—3ys 600, x, y>0

Corner point | z = 12x + 16y
A (600, 0) 7200
B (1050, 150) 15000
C (800, 400) 16000 — Maximum

-.800 and 400 dolls of type A and type B should be
produced respectively to get the maximum profit of Rs 16000.

4.LPP is to maximize Z = 4500x + 5000y subject to the
constraints, 5x + 8y < 1400, x +y < 250, x, y>0

Corner point | Z = 4500x + 5000y
A(250, 0) 1125000
B(200, 50) 1150000 — Maximum
C(0, 175) 875000

- the merchant should stock 200 desktop models and 50
portable models to get the maximum profit of Rs 1150000.

5. LPP is to minimize Z = 6x + 5y subject to the constraints,
2x +y 2280 ,3x +5y2700, x, y>0

A(4,0) llI.UL\,
123 1\5 678 910111218 °

x+3y=12

X'e

[ L
<

y
\‘
1200
11007
10001
900
$001
700
6004
=2
5009 y
4004 C (800, 400)
300
200

B (1050, 150)
1004
...... LISy I

) 100 200 300 400500 600 700 800 900 1000110012

X = 3y=600 x+y=1200

v

B (200, 50)

X
Sx + 8y = 1400

50 100 150 200

2503(

A

3204
\sk € (0.280)

Corner point | Z=6x+ 5y & i i
B(100, 80) 1000 — Minimum \Zﬁ 7%
C(0, 280) 1400 ] s0-
-.100 kg of fertiliser F1 and 80 kg of fertilizer F, should be used to 10
Is Rs 1000. N — X
6. LPP is to maximize z = 1000x + 600y subject to the constraints, > 5

X+y<200,x220,y24x, X, y>0

Corner point | z=1000x + 600y
A (20, 80) 68000

2x+y =280 ‘\ 3x+ 5y =700
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B (40, 160) 136000 — Maximum
C (20, 180) 128000
.40 tickets of executive class and 160 tickets of economy
class should be sold to maximize the profit and the
maximum profit is Rs 136000.

7. LPP is to minimize z = 2.5x + 1.5y + 410 subject
to the constraints,
Xx+y<100,x <60,y <50, x+y260, x,y>0

Corner point | z=2.5x + 1.5y + 410
A (60, 0) 560
B (60, 40) 620
C (50, 50) 610
D (10, 50) 510 — Minimum

-the amount of grain transported from A to D, E, and F is
10 quintals, 50 quintals, and 40 quintals respectively and I
from B to D, E, and F is 50 quintals, 0 quintals, and 0 XN
quintals respectively. The minimum cost is Rs 510. A0 0 20 30 w0 N @ %0 1Ry
\

] x+y=100

11. PROBABILTY(BAYES THEOREM)

**|f E and F are two events associated with the same sample space of a random experiment, the
conditional probability of the event E given that F has occurred, i.e. P (E|F) is given by

P(ENF)

P(F)
** Multiplication rule of probability : P(E N F) = P(E) P(F|E)

= P(F) P(E|F) provided P(E) # 0 and P(F) # 0.
** Independent Events : E and F are two events such that the probability of occurrence of one of
them is not affected by occurrence of the other.
Let E and F be two events associated with the same random experiment, then E and F are said to be
independent if P(E N F)=P(E). P (F).
** Bayes' Theorem : If Eq, E» ..., Eyare n non empty events which constitute a partition of sample
space S, i.e. Ej, E» ..., Ejare pair wise disjoint and E;u Epu ... U Ep= S andA is any event of
nonzero probability, then
- PE)PAE) -

P(EI|A) =—; foranyi=1,2,3, ..,n

jZ:;,P(Ej)P(A‘Ej)

** The probability distribution of a random variable X is the system of numbers
X: X1 X2 Xn
P(X) : P1 P2 Pn

n
where, p>0 , > p;=1,i=1,1,2,..,
i=1
** Binomial distribution: The probability of x successes P (X = x) is also denoted by P (x) and is
givenby P(x)="Cxq"p*,x=0,1,..,n.(q=1-p)

P(EIF) = provided P(F) # 0
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1. A bag contains 4 red and 4 black balls, another bag contains 2 red and 6 black balls. One of the two
bags is selected at random and a ball is drawn from the bag which is found to be red. Find the probability

that the ball is drawn from the first bag.

2. Given three identical boxes I, Il and 11, each containing two coins. In box I, both coins are gold coins,
in box I, both are silver coins and in the box 11, there is one gold and one silver coin. A person chooses a
box at random and takes out a coin. If the coin is of gold, what is the probability that the other coin in the
box is also of gold?

3. Suppose that the reliability of a HIV test is specified as follows:

Of people having HIV, 90% of the test detect the disease but 10% go undetected. Of people free of
HIV, 99% of the test are judged HIV —ive but 1% are diagnosed as showing HIV +ive. From a large
population of which only 0.1% have HIV, one person is selected at random, given the HIV test, and the
pathologist reports him/her as HIV +ive. What is the probability that the person actually has HIV?

4. A doctor is to visit a patient. From the past experience, it is known that the probabilities that he will
come by train, bus, scooter or by other means of transport are respectively 3/10, 1/5, 1/10 and 2/5. The
probabilities that he will be late are 1/4,1/3 and 1/12, if he comes by train, bus and scooter respectively,
but if he comes by other means of transport, then he will not be late. When he arrives, he is late. What is
the probability that he comes by train?

5.In answering a question on a multiple choice test, a student either knows the answer or guesses. Let 3/4
be the probability that he knows the answer and1/4 be the probability that he guesses. Assuming that a
student who guesses at the answer will be correct with probability 1/4. What is the probability that the
student knows the answer given that he answered it correctly?

6.A laboratory blood test is 99% effective in detecting a certain disease when it is in fact, present.
However, the test also yields a false positive result for 0.5% of the healthy person tested (i.e. if a healthy
person is tested, then, with probability 0.005, the test will imply he has the disease). If 0.1 percent of the
population actually has the disease, what is the probability that a person has the disease given that his test
result is positive ?

7.An insurance company insured 2000 scooter drivers, 4000 car drivers and 6000 truck drivers. The
probability of an accidents are 0.01, 0.03 and 0.15 respectively. One of the insured persons meets with an
accident. What is the probability that he is a scooter driver?

8.Bag | contains 3 red and 4 black balls and Bag Il contains 4 red and 5 black balls. One ball is
transferred from Bag | to Bag Il and then a ball is drawn from Bag Il. The ball so drawn is found to be red
in colour. Find the probability that the transferred ball is black.

9.A card from a pack of 52 cards is lost. From the remaining cards of the pack, two cards are drawn and
are found to be both diamonds. Find the probability of the lost card being a diamond.

10. Probability that A speaks truth is 4/5. A coin is tossed. A reports that a head appears. Find probability
that actually there was head .

11.Suppose a girl throws a die. If she gets a 5 or 6, she tosses a coin three times and notes the number of
heads. If she gets 1, 2, 3 or 4, she tosses a coin once and notes whether a head or tail is obtained. If she
obtained exactly one head, what is the probability that she threw 1, 2, 3 or 4 with the die?

ANSWERS
1.2 2.2 A 4L 5.2 6.2
3 3 1089 2 3 133
7.1 g 1o 0.1 10.2 11.8
52 3 50 5 1

For any suggestion , correction or modification please email to : rajiv.ranjan1965@gmail.com
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